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Motivation

H .

Hamiltonian
.

-> -spectorplsthermodynamic limit
.

V- a

- pe
& Gupped state => Area law. (conjecture

See = -TrPalogPa = O(fA)

*-
=> Approximated bysonetwork state u) finite
bondimension.

=>
easy to study using linear alg.



I'm interested in higher codimensional defect

in theory space.

phase transition : codin-1 defect.

#
Codin 2 defect. Codin3

·y ↑
-

Codim = # of "orthogonal" relevant operators
of defect

&

I



What I want to discuss-

H(X)
,
Xe M . parameter · family of Hamiltonian,

gapped .

2 M

-
·

97
.

* hoh-gapped·
To give constrants onnon-gapped region

from gapped region enclosing it.

w/ Group (or category) action
on prameter space

UgH(x) = H(gx) Vg
.

ge G.



Today'ssetup .

- It Spin systems .

·
invertible state .

(unique gapped state

· translational invariant + 143 = 14)
·

CTI)

· G
.

finite grop - -S parameter space M .

- It geG
,
TEM

.

UgH(t (Ug = H(gt)

Ea
TRS-LSM => codim-3 defect.

· SPT phase transition -> Codin-4 defect
.



*Matrix Product State (MPS) [Perez-GarciaVerstarthe
quath-ph/0608197] .

M=-in(i-in)
, my

lecturea
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.



Fact

> is TI
. Fir in Finis

.

=>
F

+ I MPS
.

14)= thA" ..-](ii
↑ X
site indep.

=: (A)
.

Ai Mp (c)
·

D : bond dimension.

approx.

gapped TI State - TIMPS
.

~
U

invertible TI state - normal MPS
approx -



-

Def . (Transfer matrix)
-

A : MPS w/ boud dim.
.

D

I
Bi T

D'

-T End) Max(C)) .

TB(X) := AxBit

X=
L - X -D-X

· TE End(V) . PCT) =
max IM1

· spectral radius
NESpec(T)

· T is positive. - P() = SpecI).

(x20 = T(x) 20) =

Xz0 · T(x)
= PS)X .

· TI is positive .



#normalMs
· M = PCTE) is non degenerate .

(1-dim (

S its eigen rector X is positive definite↳respects. meetee met

·↑
: 2nd largest

iM . / -MalsoM30
#

MPS A is normal
.

finite gap.

=①
&

T = M . (x)(Y) +Mal >)( + --

1.



-rangefreedomofnormalsa
Bi = go V

+
ATV .

i = 1, --

.

d.

=> physically same state.

git

-B
- B -

=
eu
-
A - y-

- A - V -
-..

#witma arenon.



o A ThpB .

- Sput=
↓ Bi-B+ SB =B'

T
· AB Mi-Mal

-> a kind of distance between

two invertible TI States
.



-Parameter family and group action

IKS : Heinsdorf = Ohyama ,

2305
. 08109 : KS , 2507

.
19932]

o M
. parameter space

· ACT)
,

TEM
. parameter family of

normal MPSs ·

· Introduce a fire triangulation of M

↑ to simplicial str
.
>

MPSs between all edges .

( AGo) Alti) are close to each other)
i,

We can define

1-form UK) connection AID)

2-form Ull) connection &(E) .
&

8: (To --- Ta) =

A

#



-constructioneach edge (ToT)
Acto) ACTI
a

define a matrix XITOTI) =Materi (4) by

Th(X)=AXA
= M ,

(tot: ) XToT)·

m actoti) : = Any MiltoTi)) < R/T
.

(a(ltotiTz) = ActiTul - ACToT2) + @CToTi) mo .

li fIToT) ER. -> 2 - form curvature
·

Chi=(8) =X
. 1st chern number



·
On each face O= (ToTiTz)

To Th

2 form UL) Connection ACToTita) is defined as

A() :=Ang/Tr[XSTotiAltiCXCITACTSXCITOSAG)]
A(T) : Schmidt eigenvalues of A

-> Wilson loop weighted by 15) .

(d) (8) = 0 = R/2+2
.

I lift

F(8) ER .

3- form curvature.
higher Berry
currature

.

N:=F(8)

Dixmier-Donady number
.



WithG-action

· G
.

finite group
- M

.

to &I
,

9EG .
TEM

.

UgH(UgE H(gT) .

-

· % : G+ 411]
·

P= &! is unitaryanitary
· Notation yy

= \X
+ = 1

by = - 1
.

· Up= Ug. Kaleeing Ugh,

(c) = HCG
,

R(22)
·

· UsAt= tr(Ai--AUgli :
-- in

=Fin 1/ (ii)
~ G Str .

D

Es Zalij Ancestry
.

Acei)
.

-



From this setup ,
we can define

1 - and 2-cochains in G-simplicial complex

&
group
(G

,

C
implicial

(M
, 1/2** ) .

Yeft
, righ

with descendant equations.

f (5) = C
&
(M

.
RA2)

.

( 18 · f) (8) = baf 15) ·
left action C(f · 2) (02) = f((82) = -(87 .

97...... 942)
.

right action.

simplicial
·

itsI
->

Perp



Skip

-
>

fo
gup
(f

,
A)

.

18f'2
1.

-

. [p+ 1

= 8of22
.%Epi Fagues .

-- (p
+ 1- 1) (f2

.-9 :
9)

.

*

f = C(M
,

A)
.

If (To
. -. Tax) = fIti--Ta) - f(tote-- - Tax

+ - - + 1- 1 f(To - Tal
.



Ecochain (9 . 6) .* = f

(D = f+x)k)

simplicial
G

~

f(8) da = f mod 2it
,

f I fa+ d = 0
,

↑
d

S 88 = w.aa
group

E

factor of
projective

Ug .

-Con
o (A , G , B),y = F.

M DA = F .

mod2n

3
F()

GA -dx = 0,

~"5)

-
no

84 + d = 0
,

I I S

Bain(20) +

&
GB = 0.

--2 &

P



(Sketch of derivation)

⑰ -

=>liAlg Ugh AccUgh).
=>

Og(8) def
.

· 8 · h = Ch

=> eifg(ht)pin) gitghteiNgin = St = W
.

=> Valet VieBan'Ven').
-

-> Pgn(t) dof .

· 19hk = g(hk) = 88 = 0
.

& E G-Str .
of transfer matrix.

-V-idOT
- Algt)

*
- VgiTi*-

I
- AlgTo)- VgiTo) -



=> eigenvalue :

M .
<CotT) =

e-idEglioTi)M . <Toti) (P ·

# fa-d = 0.

eigenvec .

"

VgH) XItotY UghT=Ga X(9)
-> dgi's def.

· g . h = th for xTot)

=>
relation betwen gide and ligh.

S2 + dB = q.

& G-action on higher Berry connection Astoria)

=> relation between ACTOTIT) and LghtoT. ).

GA - dd = 0.

%



Applications,

Et
TRS-LSM anomaly u

on 2-sphare 92

Mit-n
. esD=> Chief(t) -[To 7

& 2D
?

=2xpf (5) D'
TTo

pea(d)

=lat do
+(

=pd(0)
= (0

+ (t) - A
+
(TT))

= + (04
. +
(To)

= Wi = 1
.

mod 2.

"



=> The TRS-LSM anomaly can be seen

as the source of Berry curvature
-
2-form

Lparam
, space ,

⑮ codin-3 defect .

in parameter

space .

TRS-LSM pt if TI is kept



etransition between Haldance and

triv .
Phases i/TRS

TH(J ,
R)T" = H(J -h)

·

JER
,

hER3.

=> H= 0 is TRS- sym ,
line

.

53 .·
consider. a. S3 surrounding & CP.

&N= FB) >
,
=epA(5) .

2
.



ALE >O=A
-(d)

+
10

TD'
Si- Do

-pit
++
(4)

= (9) ++
10)

= (9+. +
(p) - P

++
12)]

.

↑ M

SPT invariant w/TRS ·

=

O same phase

&
1 diff, phase



=> codin - 4 defect
.

Fidents

&CD can be seen as the source
of

3-fou higher Berry curvature.





back up.



skip

· Parameta family
eg. It transverse Ising model

H =

-z-hIr
↑--

, tha - -

ordere
. disorder ++- ->

redgapped In

↑
critical

.
"easy" parts.

E2 sym : V = I 5 trivial actionon-trace
vH(h) v

=

= H(h)

· Kramers-Wamier -G
kW S+ 55

nontriv action

Sp
on pram . Space

"kWH(h) = H(hl) kW
-S

(not rigorous)



Goal skin
· The phase transition point
between different I SPT phases

is the source of the higher Berry curvature.

codim - 4 defect
.

↑
#Haldare*
Triv

· The LSM anomalous point is the

source
of Berry currature.

codim-3 defect
.

*
LSM Pt.



Skip
Area

In

xn 112)(RA) . Schmidt

decomposition.
-> &L = Trp14(4) = = (2)ca)

.

-> SEE = -trPclog Pr
.

== IXlg X2 .

[Arad-Kitaer-Landau-Vazirani ,
1301

.
1162]

.

sp .

SEEOld)
dim of local Hila

spectral gap .

=> log



Proj. Skip .

If 14) is translation) invariat,

(E Hi- in = Hiz-ii.

then EBE Moxp(c) .

Sit

4i- i
=

= Tr(Bi .. - Bir].1
S =&-)

C 47 ..-ic = tw[Alki ... Atkin] ,

FK **
20.

= +r /Bi ... Bi]
,

B = 2
- -

0AB
0 A33I

Alls

O

O

1
.

... Al]

4
* translationally invariant state can be represented by

/ MPS ·



Skip
maring the gauge

freedom,

normal MPSs can be chosen to satisfy.

E Afit = 10
.S

= At A:
= 12

, 1= (" x),
X1/2 --

24 > 0
.

↑ "canonical condition" ( Schmidt eigen
values)

.

=> P(T) = 1
.

= Mmax

(Mix1 ,

i22
:

From now on .

I always assume the canonical condition.



Remai and B represent the same state

Skip.

=> e
,
V

.

are eigenvalue and eigenvector of

mixed transfer matrix:

-if

I=Bit
,

TI(V)= V
.

Bi= eit VA

i TEN= AVBit

= zevit = ever
.

"
· If MPSs

# and B are physically "close" to each other
,

then the transfer matrix TB also has

unique largest eigenvalue in modulus.

⑪ T dependM continuously
on MPS Bo

TBA(X)= AxBit=MmaxX .

↳ X is well-def


